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Abstract
We study general properties of certain Lorentz invariant noncommutative quantum
field theories proposed in the literature. We show that causality in those theories
does not hold, in contrast to the canonical noncommutative field theory with the
light-wedge causality condition. This is the consequence of the infinite nonlocality
of the theory getting spread in all spacetime directions. We also show that the time-
ordered perturbation theory arising from the Hamiltonian formulation of noncom-
mutative quantum field theories remains inequivalent to the covariant perturbation
theory with usual Feynman rules even after restoration of Lorentz symmetry.
1sami.saxell@helsinki.fi
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1 Introduction
There are strong arguments that close to the Planck scale the spacetime manifold
should be replaced by noncommutative (NC) structure, which arises through quantum
and gravitational effects [1, 2]. Field theory on such spacetimes has been an active field
of study during recent years. The basic object in NC field theory is the nonvanishing
commutator of the spacetime coordinates
[xˆµ, xˆν ] = iθˆµν . (1.1)
The right hand side of this equation can be interpreted in different ways. By considering
the effective field theory arising from open string dynamics on a brane in the presence of a
constant antisymmetric background field, one obtains a NC spacetime of this type [3]. In
this case the r.h.s. is a constant parameter that is related to the background field. Such
a constant parameter provides directionality into the spacetime and while it maintains
translational invariance, the Lorentz symmetry is broken into the stability group of θµν
[4, 5]. This type of NC we will refer to as the canonical noncommutativity. Due to
the connection with string theory, this type of noncommutativity has been studied very
extensively. However the violation of Lorentz invariance is a serious drawback leading to
effects such as vacuum birefringence [6], that are difficult to reconcile with experimental
results.
Another option is to consider the r.h.s. as a tensorial operator which commutes with
the coordinates. By considering measurements combining principles of classical general
relativity and quantum mechanics, Doplicher, Fredenhagen and Roberts (DFR) were led
to a spacetime of this type [1, 2]. DFR showed that a state which minimizes the uncer-
tainty in time and space in a chosen Lorentz frame corresponds to integrating the tensor
θµν over spatial rotations. Such a prescription leads to rotational but not Lorentz invari-
ant theory. From the operator valued NC parameter one obtains the canonical case by
choosing an eigenstate of the operator, so that the r.h.s. of Eq. (1.1) is replaced by the
eigenvalue.
In order to obtain complete Lorentz invariance, Carlson, Carone and Zobin [7] con-
structed NC field theory with integration over all values of θ. To make such an integral
convergent they introduced a Lorentz invariant weight function W (θ). The exact form
of the weight function is unknown and in this kind of theory noncommutative physics is
parametrized by Lorentz invariant quantities such as
〈θ2〉 =
∫
d6θW (θ)θµνθµν . (1.2)
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These theories allow for the scale of noncommutativity to be low enough to be detectable
in future experiments, without leading to disastrous Lorentz violating effects [7, 8, 9, 10].
Lorentz invariance also allows one to consistently take the particles in representations of
the full Poincare´ group without need to refer to the twisted Poincare´ symmetry that the
canonical NC theories possess [11]. For another approach to Lorentz symmetry in NC
field theories, see [12].
The purpose of this paper is to study basic properties of Lorentz invariant NC field
theory, such as unitarity and causality to see whether such a theory is really valid as
a quantum field theory. Our main result concerns (micro)causality in Lorentz invariant
NC field theory. In the canonical case the light-cone causality condition is known to
be modified. For example for a space-like noncommutativity parameter, θµνθµν < 0
one can choose a frame where θ0i = 0 and there is noncommutativity only between x2
and x3 -directions. Then events inside the light wedge (x0)2 − (x1)2 > 0 are causally
connected implying instantaneous propagation in the (x2, x3)-plane . The light-wedge
causality condition corresponds to the reduced symmetry group, O(1, 1)×SO(2), of such
spacetime [4, 5].
In the Lorentz invariant case the symmetry group is again the whole Lorentz group
allowing for the possibility of a light-cone causality condition. However, since the sym-
metrization procedure includes integration over all possible values of the NC parameter,
nonlocality spreads in all directions and we may well expect that causality will be com-
pletely lost in this case. This indeed turns out to be the case. In the Lorentz invariant NC
theory the situation is even more severe than in the case of canonical noncommutativity
where the light-wedge causality condition can still be maintained. Microcausality is of
utmost importance due to the physically accessible implications of it such as dispersion
relations [13, 14]. The existence of dispersion relations is the cornerstone to derive an
important exact result, the analogue of the Froissart-Martin bound on the high-energy
behaviour of the total cross section in NC QFT [15]. The acausal effects that arise from
time-space noncommutativity make the theory inconsistent as was shown in [16] by study-
ing the scattering of wave packets in canonical NC field theory with θ0i 6= 0.
Our other result is on inequivalence of time-ordered perturbation theory (TOPT)
and Lorentz covariant perturbation theory, which is closely related to the question of
unitarity in NC field theory. In commutative spacetime both perturbation theories are
equivalent, while in the case of canonical NC spacetime the equivalence holds only if
noncommutativity is restricted to the space directions i.e. θ0i = 0 [17, 18]. In the
case of time-space noncommutativity, unitarity is known to be violated in canonical NC
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quantum field theory if one uses covariant perturbation theory [19]. However, in this case
the usual covariant perturbation theory written in terms of Feynman propagators cannot
be derived from TOPT in which unitarity is manifest [17, 18]. In Lorentz invariant NC
theory, unitarity was shown to be valid at least in the lowest order in a simple model
considered in [20], where the calculation was based on covariant perturbation theory.
This result leads to the question whether the time-ordered and covariant perturbation
theories could be equivalent after restoring the Lorentz symmetry despite the fact that
the symmetrization procedure itself includes integration over all values of theta, including
those with time-space noncommutativity. In this paper we show that this question has a
negative answer.
The paper is organized as follows. In section two we review the Lorentz invariant
formulation of NC field theory based on the DFR algebra. In section 3 we study the com-
mutator of two observables from which we conclude the violation of light-cone causality
in Lorentz invariant NC theory. In section 4 we calculate a simple tree level Feynman
diagram in TOPT and covariant perturbation theory in order to demonstrate their in-
equivalence. Section 5 is for discussion and conclusions.
2 The DFR algebra and Lorentz invariant NC QFT
By considering uncertainty relations arising from quantum mechanics and general rel-
ativity in a position measurement the authors of [1] were led to propose a noncommutative
algebra for the spacetime coordinates, given by 2:
[xˆµ, xˆν ] = iθˆµν ,[
xˆµ, θˆνρ
]
= 0, (2.1)[
θˆµν , θˆρσ
]
= 0,
which we refer to as the DFR algebra. The last equation is obtained from the first two by
requiring the Jacobi identity to hold. This algebra is closed under Lorentz transformations.
Next we define the operator field in the DFR algebra in the Weyl representation
φˆ(xˆ, θˆ) =
1
(2π)4
∫
d4p d6σ φ˜(p, σ)eipµxˆ
µ+iσµν θˆµν . (2.2)
2In [7] the authors started with the Lorentz invariant NC spacetime of Snyder [21] and obtained
Poincare´ invariant spacetime by taking a certain continuum limit. The connection between their spacetime
and the DFR formulation was elaborated in [22].
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Here pµ and σµν are real variables. The difference from the canonical NC case is that now
in general the fields depend also on the operator θˆ since it is an element of the spacetime
algebra.
Because of the last equation in (2.1), the components of θˆµν can be diagonalized
simultaneously. Then for any eigenstate of θˆ:
〈θ| φˆ(xˆ, θˆ) |θ〉 = 〈θ| 1
(2π)4
∫
d4p d6σ φ˜(p, σ)eipµxˆ
µ+iσµν θˆµν |θ〉
=
1
(2π)4
∫
d4p d6σ φ˜(p, σ)eipµxˆ
µ+iσµνθµν 〈θ |θ〉 = φˆ(xˆ, θ)〈θ |θ〉. (2.3)
The Weyl symbol corresponding to the field operator is defined by
φ(x, θ) =
1
(2π)4
∫
d4p d6σ φ˜(p, σ)eipµx
µ+iσµνθµν . (2.4)
The Weyl symbol provides a map from the operator algebra to the algebra of functions
equipped with a star-product, via the Weyl-Moyal correspondence
φˆ(xˆ, θˆ)ψˆ(xˆ, θˆ)↔ φ(x, θ) ∗ ψ(x, θ). (2.5)
The star-product turns out to be the same as in the canonical case:
φ(x, θ) ∗ ψ(x, θ) = φ(x, θ)e i2
←−
∂ µθµν
−→
∂ νψ(x, θ). (2.6)
Due to its nonpolynomial character this product induces nonlocal interaction effects in
NC field theories. The star-product is associative and has the important property of
cyclicity upon spacetime integration:∫
d4x f(x) ∗ g(x) =
∫
d4x g(x) ∗ f(x) =
∫
d4x f(x)g(x). (2.7)
In the case of canonical NC spacetime the Lagrangian is constructed from products
and derivatives of the NC operator fields. Then the action is defined as the trace of the
Lagrangian. In terms of the Weyl symbols this corresponds to the spacetime integral of
the Lagrangian, which can be written using the star-product. In terms of the above NC
spacetime algebra, this trace corresponds to trace over a subspace where the operator θˆ has
a fixed eigenvalue. To obtain a Lorentz invariant formulation, the authors of [7] generalized
the trace by replacing the spacetime integral with a Lorentz invariant integration over all
values of both coordinates x and θ:
Trφˆ(xˆ, θˆ) =
∫
d4x d6θ W (θ)φ(x, θ), (2.8)
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whereW (θ) is some Lorentz invariant weight function and d6θ = dθ01dθ02dθ03dθ12dθ13dθ23
is a Lorentz invariant measure. Note that the theory can now be thought of as a 4+6
dimensional theory as the parameters θµν behave as six additional coordinates. However,
it is to be assumed that there are no derivatives with respect to these extra coordinates
and thus no propagation in the θ-direction. Thus there is no need for a compactification
of the extra dimensions. This also allows us to consider the fields as functions of x only 3.
As the NC parameter is now integrated over, noncommutativity enters through the
choice of the weight function W . The commutative limit is equivalent to choosing W
as the delta function concentrated at the origin of the θ-space, while the canonical case
corresponds to a delta function in a nonzero point. In the case of Lorentz invariant
formulation one can impose some reasonable restrictions on the form of W . The weight
function should be an even function of θµν . We also impose the normalization
∫
d6θ W (θ) = 1, (2.9)
and W is assumed to vanish rapidly enough at infinity in order to make all the needed
integrals finite.
In perturbative calculations in Lorentz invariant NC field theory, one typically has to
deal with phase factors of the form:
V (k, p) =
∫
dθW (θ)e−ik∧p, k ∧ p = θµνkµpν , (2.10)
which appear in each vertex. As was argued in [23, 20] by choosing the weight function
in a Gaussian form, the Lorentz invariant integration brings such phase factors into the
form of an exponential damping factor:
V (k, p) = e−a
4(k2p2−(k·p)2)/4. (2.11)
Here the parameter a is related to the scale of noncommutativity, that is determined by
the exact form of the weight function
a4 = 〈θ2〉 =
∫
d6θ W (θ) θµνθµν . (2.12)
The expression (2.11) will be useful in our later calculations.
3This assumption may not be legitimate in the case of NC gauge theory, where the gauge transfor-
mations necessarily induce a θ-dependence in the fields. In this paper we restrict the discussion to non
gauge theories
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Finally we remark that the case of rotational invariant noncommutativity considered
in [1, 2] corresponds to choosing the weight function to be concentrated on the rotational
orbit of some chosen reference value θµν0 :∫
d6θW (θ)→
∫
Σ(1)
d6θ. (2.13)
Any nonzero choice for θµν0 obviously breaks Lorentz invariance, but the integration re-
stores rotational invariance.
3 Causality in Lorentz invariant NC QFT
To study causality we calculate a matrix element of an equal time commutator of
an observable in NC theory. In NC spacetime a local observable that is in general a
product of fields should be constructed using the noncommutative product. Thus even in
the case of free fields noncommutativity enters through the definition of local observables
even though the action is equivalent to the action in commutative spacetime due to the
property (2.7). In order to prove acausality it is then enough to demonstrate it for
noncommutative observables in the free case.
In [24] the authors considered causality in the canonical NC spacetime by calculating
the matrix element:
M = 〈0| [: φ(x) ∗ φ(x) :, : φ(y) ∗ φ(y) :]x0=y0 |p, p′〉. (3.1)
Here normal ordering is imposed for simplicity. In a Lorentz invariant theory causality
requires this equal-time commutator to vanish for all nonzero values of x − y. In the
case of canonical NC theory the vanishing of (3.1) should occur only outside of the light
wedge, i.e. for the nonzero values of (x2 − y2)2 + (x3 − y3)2 in the case where only θ23 is
nonzero. The free field can be expanded in terms of creation and annihilation operators
as in usual commutative theory:
φ(x) =
∫
d3k
(2π)3
1√
2ωk
(
ake
−ikx + a†ke
ikx
) ∣∣∣∣
k0=ωk
,
[
ak, a
†
k′
]
= (2π)3δ3(k− k′).
Inserting the expansion into (3.1) we obtain
M = − 2i
(2π)6
1√
(ωpωp′)
(e−ip
′x−ipy + e−ipx−ip
′y)
×
∫
d3k
ωk
sin[k(x− y)] cos
(
1
2
k ∧ p
)
cos
(
1
2
k ∧ p′
)
. (3.2)
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Here ωk =
√
k2 +m2. Obviously the r.h.s. is nonzero only when θ0i 6= 0.
In the Lorentz invariant case the corresponding quantity is
MLI = 〈0|
[∫
dθ1 : φ(x) ∗1 φ(x) :,
∫
dθ2 : φ(y) ∗2 φ(y) :
]
x0=y0
|p, p′〉, (3.3)
where ∗i is the star-product corresponding the integration variable θµνi and dθi := d6θi W (θi).
It is then easy to see that this produces the result of the canonical case with appropriate
θ-integrations added:
MLI = − 2i
(2π)6
1√
(ωpω′p)
(e−ip
′x−ipy + e−ipx−ip
′y)
×
∫
d3k
ωk
{
sin[k(x− y)]
∫
dθ1 cos
(
1
2
k ∧1 p
) ∫
dθ2 cos
(
1
2
k ∧2 p′
)}
. (3.4)
We can see the acausality clearly by assuming a Gaussian form for the weight function.
Then we can use (2.11) to write the θ-integrals as:
∫
dθ cos
(
k ∧ q
2
)
= exp
[
−a
4
16
(−q20k2 − k20q2 + k2q2 + 2k0q0k · q− (k · q)2)
]
. (3.5)
The fourth term in the exponent prevents this from being an even function of k. Applying
(3.5) in (3.4) one sees that that the function multiplying the sin[k(x−y)] in the integrand
is even in k only if k0p0k · p+ k0p′0k · p′ vanishes. Thus the matrix element vanishes for
nonzero x − y only if p0p + p′0p′ = 0. This is satisfied if the two-particle state has zero
total momentum and both particles are on-shell, but not in general and this is enough to
show that the commutator is a nonzero operator. Due to the Lorentz invariant integration
nonlocality is infinite in all directions and one cannot recover the light-wedge causality
condition that one has in the canonical case.
Finally, we make a comment on the rotational invariant noncommutativity advocated
in [1, 2]. In this case the Lorentz invariant θ-integrations in (3.4) should be replaced with
integrations over the rotational orbits Σ(1) of some reference value θ0. Then, in a Lorentz
frame where the time-space part of θ0 is nonvanishing causality is lost.
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4 Covariant versus time-ordered perturbation theory
Next we will address the issue of perturbation theory in the Lorentz invariant approach.
As it has been shown in [20] unitarity seems to hold in quantum field theories in Lorentz
invariant NC spacetime despite the fact that due to the Lorentz invariant integration also
time-space noncommutativity is present. This result was obtained in the lowest order
of perturbation using covariant Feynman rules. On the other hand in the time-ordered
perturbation theory unitarity is manifest and thus it is interesting to see whether in the
Lorentz invariant NC theory the time-ordered and covariant formulations actually coincide
as in ordinary commutative field theory.
To compare the two approaches we simply write down the amplitudes for two-by-two
particle scattering in φ3∗ theory, with the action,
S =
∫
d6θ d4x
(
1
2
(∂µφ)
2 − 1
2
m2φ2 − λ
3!
φ ∗ φ ∗ φ
)
. (4.1)
The rules for calculating scattering diagrams in NC TOPT were derived and listed in [18].
The only difference in the Lorentz invariant case is that there is a θ-integration included
in each vertex. Using these rules we obtain for the tree level amplitude (up to a constant
factor):
M =
∫
dθ1dθ2 δ
4(k1 + k2 − k3 − k4) 1
ωk1+k2
×
{
(k1,0 + k2,0 − ωk1+k2 + iǫ)−1Σsym. cosθ1
(
k
(+)
1 , k
(+)
2 ,−p(−)k1+k2
)
×Σsym. cosθ2
(
−k(−)3 ,−k(−)4 , p(+)k1+k2
)
(4.2)
+(−k1,0 − k2,0 − ωk1+k2 + iǫ)−1Σsym. cosθ1
(
k
(+)
1 , k
(+)
2 ,−p(+)k1+k2
)
×Σsym. cosθ2
(
−k(−)3 ,−k(−)4 , p(−)k1+k2
)}
.
Here ki are the external momenta and we have used the notation
k
(±)
i = (±ki,0,ki),
p
(±)
k1+k2
= (±ωk1+k2 ,k1 + k2), (4.3)
(a, b, c) = a ∧ b+ a ∧ c+ b ∧ c.
The wedge products in the argument of cosθi are defined with respect to θi, i = 1, 2
respectively and Σsym. implies symmetrization over the particles in the vertex. The cor-
responding expression for the amplitude with the covariant Feynman rules is up to a
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constant factor,
M =
∫
dθ1dθ2
{
1
(k1 + k2)2 −m2 + iǫ
cos(k1 ∧1 k2) cos(k3 ∧2 k4)δ4(k1 + k2 − k3 − k4)
}
. (4.4)
The usual commutative analogues of (4.2) and (4.4) do not have the cosine factors and
integrations over θi. In that case the two terms in the TOPT expression combine trivially
to the form of the covariant expression. In order to compare the NC expressions we first
note that
cos (a, b, c) = cos (a ∧ b+ a ∧ c+ b ∧ c) = cos ((a+ b) ∧ (a+ 2ab+ c)) . (4.5)
Then we can once again use the Gaussian expression (2.11) to obtain an exponential form
for the NC vertex factor
∫
dθ cos(k
(+)
1 , k
(+)
2 ,−p(−)k1+k2)
= exp
{
−a
4
4
[
(k1 + k2)
2(k1 + 2k2 − p(−)k1+k2)2 (4.6)
−
(
(k1 + k2)
µ(k1 + 2k2 − p(−)k1+k2)µ
)2]}
,
and similar expressions for the other vertex factors in (4.2). The exponents contain zeroth
components of the internal momentum p
(±)
k1+k2
, which are of the form ωk1+k2 and which
do not cancel after combining all the vertex factors in (4.2). Corresponding terms do
not arise in the θ-integrals of the cosine factors in (4.4) and thus (4.2) can not reduce to
the covariant form (4.4). This is sufficient for demonstrating that the time-ordered and
covariant formulations of perturbation theory are inequivalent in the Lorentz invariant NC
theory. Note also that if the time components of all the momenta in the vertex factors
after the θ-integrations are ignored, i.e. if there were no contributions from time-space
components of θ, the TOPT expression for the amplitude would reduce to the covariant
expression similarly to the case of canonical noncommutativity with θ0i = 0.
5 Discussion and conclusion
In this paper we have considered basic properties of Lorentz invariant NC field theory.
The Lorentz invariance allows for the possibility that the ordinary light-cone causality
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condition holds. However, we showed that despite the manifest Lorentz invariance such
theories are acausal. It is clear that the UV/IR mixing effect is intimately related to
the acausality in NC field theory. The phase factors that lead to violation of causality
provide UV cutoffs in loop diagrams. As the external momentum approaches zero the
damping effect disappears and the UV divergence reappears as an IR singularity. This
mixing between short and long distance degrees of freedom can be understood in terms of
acausality. Due to infinite propagation speed all distance scales are correlated. As we have
seen, in the Lorentz invariant case causality is violated in all directions and thus the UV/IR
mixing is expected to appear. Due to the θ-integration the oscillating phase factors in loop
diagrams get replaced by Lorentz invariant Gaussian damping factors. Indeed these again
lead to IR singularity as the external momentum goes to zero. However, it was argued in
[23] that the problem may be avoided by a suitably chosen IR limit under which a goes to
zero with the external momentum – an argument which does not work without Lorentz
invariance. In any case lack of causality is a problem that cannot be dismissed and it is
necessary to find a way to restore the light-cone causality in order to achieve a consistent
NC field theory.
We have also found that the issue of perturbation theory in Lorentz invariant NC field
theory is ambiguous since the time-ordered and covariant formulations do not coincide. In
[20] unitarity was shown to hold in φ3∗-theory in the lowest order in covariant perturbation
theory. In the light of our result it is reasonable to suspect that the result of [20] does not
hold in a more general theory or at higher orders, and to retain unitarity one should use
TOPT. On the other hand, in the case of canonical NC theory the TOPT formulation
does not cure the problems arising from time-space noncommutativity completely since
in the TOPT formulation the Ward identities are violated in gauge theories [25]. It
would be interesting to see whether this still holds after restoring the Lorentz symmetry
and to investigate in more detail the differences between the time-ordered and covariant
approaches to perturbation theory.
Finally, we mention that in the case of NC gauge theories one could avoid these
problems at least superficially by using the Seiberg-Witten map. Taking any finite order
in the expansion in θ, one avoids problems arising from the nonlocal character of the star-
product. However, the expansion in the NC parameter may miss important aspects of
NC physics and thus it would be preferable to obtain a consistent formulation of Lorentz
invariant NC theory in the full star-product formalism.
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